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I. INTRODUCTION

Fractional calculus is a natural extension of the traditional calculus. In fact, since the beginning of the theory of
differential and integral calculus, some mathematicians have studied their ideas on the calculation of non-integer order
derivatives and integrals. During the 18th and 19th centuries, there were many famous scientists such as Euler, Laplace,
Fourier, Abel, Liouville, Grunwald, Letnikov, Riemann, Laurent, Heaviside, and some others who reported interesting
results within fractional calculus. With the development of computer technology, fractional calculus is widely used in
various fields of science and engineering, such as physics, mechanics, electrical engineering, viscoelasticity, economics,
bioengineering, and control theory [1-15].

In this paper, we find the closed forms of the following four matrix fractional exponential functions:
0 -1,
Eq ([1 0 ]x ) ,
0 1.«
E“( —1 0] x )

Ea( 0 1 x“),

0 —-11 .4
Ee ([_1 0 ]x )
where 0 < a < 1. In fact, our results are generalizations of classical calculus results.
Il. PRELIMINARIES

Definition 2.1 ([16]): If x, x,, and a,, are real numbers for all n, x, € (a,b), and 0 < a < 1. If the function f,: [a,b] - R
can be expressed as an a-fractional power series, that is, f,(x%) = Zﬁ:oﬁ
containing x,, then we say that f,(x%) is a-fractional analytic at x,. Furthermore, if f,:[a, b] = R is continuous on
closed interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then £, is called an a-fractional

analytic function on [a, b].

(x — x0)™* on some open interval

In the following, we introduce a new multiplication of fractional analytic functions.
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Definition 2.2 ([17]): If 0 < a < 1. Assume that £, (x®) and g, (x%) are two a-fractional power series at x = x,,

folx®) = Lo s G = x)"™, &)
P bn
9a(x%) = Xz I'(na+1) (o = 20)™. 2
Then
fa(x)®q ga(x)
oo an na s} bn na
= Zn=om(x —%0)"" Qg Zn:om (x — xo)
o 1 n n
= Zn:O T(na+1) ( m=0 (m) an—mbm) (x — xo)na_ (3)
Equivalently,
fa(xX*)®q go(x*)
0 n 1 ®q 7 o bn 1 ®qm
= ZFO% ([‘(a+1) G x")a) B ZFOH (F(zx+1) G x‘))a)
o 1 n 1 o\ B
= Zn:o;( ?n:o (m) an—mbm) (m (x - xO) ) . (4)
Definition 2.3 ([18]): If 0 < @ < 1, and x is a real number. The a-fractional exponential function is defined by
Fe(v) = Dot = o (g 2) 5
alX™) = n=0rmg+1) ~ “N=0p F(a+1)x ' ()

On the other hand, the a-fractional cosine and sine function are defined as follows:

@y — yoo DM o (DM 1 o\®a?n
€05 (x%) = Xn=o r(zna+1) Ln=o n)! (F(a+1)x ) ! (6)
and
i @ woo (_1)nx(2n+1)a oo (- 1 o ®q (2n+1)
sing (x) = Xn=o r(@n+)a+1) Ln=o (2n+1)! (F(a+1)x ) : @)

Moreover, the a-fractional hyperbolic cosine and hyperbolic sine function are defined as follows:

1 x2na 1 1 ®q 21
coshg (x) = 3 [Eg (&) + Eg(~x*)] = Eieo i = Zino o (raap ¥) 0 (8)
and
sinhy (r) = B, (%) — Eu(~x)] = Do ri = 3t (ae) ()
Definition 2.4: If 0 < a < 1, and A is a matrix. The matrix a-fractional exponential function is defined by
Lna 1 1 ®n
B (Ax®) = Yn=o 4™ T(na+1) L0, (A T(a+1) xa) ' (10)
And the matrix a-fractional cosine and sine function are defined as follows:
(—1)1x2n@ (—1)n 1 ®q 2n
o5, (Ax) = Zigo A" S — 3 CIL (g Ly 1)
and
s = S G = S i)™
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In addition, the matrix a-fractional hyperbolic cosine and hyperbolic sine function are defined as follows:

ha(Ax%) = (B, (Ax) + B (~Ax®)] = Big A e —pe (g L) 13
COSNEAX") = 7 1EalAX @ X = Zin=o rena+n =0 g \“ Tarn * ' (13)
and
) - x@n+Da ®q (2n+1)
smha(Ax“) = %[Ea(Ax“) - Ea(—Ax“)] = Zn:0A2n+1m = Zn 0(211;4-1)'(14 F(a1+1) x“) y (14)
I11. MAIN RESULTS
In this section, we find the closed forms of four matrix fractional exponential functions.
Theorem 3.1: If 0 < @ <1, then
0 —17.q\ _ [cosa(x“) —sing(x*)
Ee ([1 0 ]x )_ sing(x%)  cos,(x%) I (15)
cosg(x%)  sing,(x%)
E“( -1 0] ) [ —sing(x*) cosy,(x*)!’ (16)
0 17 .\ _ [cosha(x“) sinhg, (x%)
E"‘( 1 ol )_ sinhy, (x%)  coshy, (x®)I' (17)
0 —-17 , [cosh «(x®)  —sinh,(x%)
([ ] ) sinh,(x*) coshy,(x%) I (18)
Proof E, ([(1) _Ol]x“)
_ 0 —17"
Zn 0[ ] I'(na+1)
Sy —1]L+[0 —TLJF[O —1]3L+[0 —1]“L+
1 0lf@+D 1 olTRe+ 1 0lT@Ba+D "1 0! T@a+1D)
o R R A e B e R e e
0 Te+1) Lo —-1UTrRa+1) 0TBa+1) " lo 1IT@a+1)
xZa x4a x& x3a ]
B TCa+D That+D T+ T@at1)
- X< x3a xZa x4a
— + .. 1-— + —
Ta+1) T@a+1) TRa+1) T(a+1)
_ [cosa(x%)  —sing(x%)
T Ising(x%)  cos,(x®) I
And
0 1
Ee ([_1 0] xa)
=Z:Lo:0 O] [(na+1)
0 2a 3a 40(
=1+[2) O]F(a+1) 1 0] F(2a+1)+ 1 o] r(3a+1)+ 1 0] Tat1)
B 1 xztl 0 _ x3[1 a
=[o I+ O]F(a+1) o ]F(2a+1) K ]F(3a+1) lo 1]F(4a+1)+
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xZa x4a xa x3a
1 —_ + —_ —_ + cer -|
T T@a+ D Tla+D T@+1) TBa+1)
- xa x3a xZa x4a
— + —_— e 1 —_ + —_
T@+1) TGa+1) TQa+1)  T(da+1)
[ cose(x®)  sing(x%)
T =sing (%) cos, (x9)I
And
0 11 .
Ea ([1 0l* )
_ 0 17" xne
Zn 0 0} Tr(ma+1)
O (U I 0 11> x* 01]3 X3 +o1 x*e
h 1 0lr(a+1) 11 0ol TRa+1) rGa +1) 0l T(4a + 1)
_ [1 ] [ [1 xz:x 0 1 x3a N [1 ] x4a N
0 0F(a+1) 0 UT@a+1) T@a+1 " lo 1UT@a+1)
- xZa x4a xzx x3a ]
' Tear D T@a+ DT T@+D TGa+D ' |
- X< x3a xZa x4a |
1
Ta+D TGatD Tea+D T@a+D 7l
_ [coshy(x%)  sinhg(x%)
" Isinh, (x®)  coshy,(x%)]
Finally,
0 -1y 4
() o )
_ 11"
= Xn= 0[ ] [(na+1)
T L _ X E —1]3L+ E —1]‘*L+
-1 olt@+n -1 ol TRa+ " I- rBa+1) =1 ol T@a+1)
4a
It ~1 1 0 -1 1
= [0 0+ ]I‘(a+1) lo 1]F(2a+1)+[—1 0 ]F(3a+1)+[0 1]F(4a+1)+
xZa x4ll xll x3a *|
1 "= — -
' Tea D T@arD fa+1) TGatl)
- x@ x3a xZa x4a ]
_ _ — 1
e+ TGa+D Tea+ D T@a+D
__ [ coshy(x*) —sinh,(x%) ed
= |=sinh, (x*)  cosh,(x%) | g-€.0.

IV. CONCLUSION

In this paper, we find the closed forms of four matrix fractional exponential functions. In fact, our results are
generalizations of classical calculus results. In the future, we will continue to use matrix fractional exponential functions
to solve problems in engineering mathematics and fractional differential equations.
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